Abstract In this paper, we study the effect of classical driving field on the spontaneous emission spectrum of a qubit embedded in a dissipative cavity. Furthermore, we monitor the entanglement dynamics of the driven qubit with its radiative decay under the action of the classical field. Afterwards, we carry out an investigation on the possibility of entanglement swapping between two such distinct driven qubits. The swapping will be feasible with the aid of a Bell state measurement performing on the photons leaving the cavities. It is demonstrated that the classical driving field has a beneficial effect on the prolonging of the swapped entanglement.
Introduction
The quantum phenomenon of entanglement is an intrinsic non-separability feature of states which arises due to the superposition principle in multipartite systems. Hence, entanglement can leak out valuable information about composite systems. On the other hand, entanglement undertakes a leading role in quantum information processing. Indeed, entanglement is recognized as a fundamental resource for quantum information tasks such as quantum teleportation [1] , quantum computation [2] , quantum cryptography [3, 4] and superdense coding [5] . In this regard, various schemes have been proposed for creating and detecting a desirable entangled state in quantum systems. The proposed schemes mainly include atoms (real or artificial) in optical cavities [6] , quantum dots [7] , trapped ions [8] [9] [10] [11] and superconducting quantum interference devices [12, 13] .
All of the entangling schemes rely on direct or indirect interactions between systems. Atom-photon interaction known as a direct method for creating entanglement. On the contrary to the direct interaction, it is possible to create entanglement between subsystems distributed over long distances without any common past, the phenomenon called entanglement swapping [14] . This notion was originally proposed to swap entanglement between a pair of particles [14] . After that, the entanglement swapping was generalized for continuous variable systems [15] . In [16] , the authors have experimentally demonstrated the unconditional entanglement swapping for continuous variables. Loss-resistant state teleportation and entanglement swapping using a quantum-dot spin in an optical microcavity has also been studied [17] . Entanglement swapping in two independent Jaynes Cummings model has been discussed in [18] . The influence of detuning and Kerr medium on the entanglement swapping has been investigated in [19] . Recently, it has been shown that the entanglement can be swapped between dissipative systems [20] .
It is well-known that entanglement in any realistic systems becomes fragile due to the inevitable interaction between the system and its surrounding environment [21] [22] [23] . Meanwhile, a successful quantum operation requires quantum systems with long-lasting entanglement. Along this route, some strategies have been put forward to control the time-evolution of entanglement and shield it from decay . However, controlled manipulation of individual quantum systems is one of the most remarkable recent achievements of experimental science. Nowadays, individual atoms and photons can be guided through complex coherent evolutions with dominant control. One of the most effective control, which can be realized in both cavity-QED and circuit-QED setups, is classical control. In this work, we focus on a model of a qubit interacting with a zero-temperature structured reservoir and driven by an external classical control field. It was shown that the entanglement between two such qubits, which are embedded in two independent cavities, can be preserved for a long time [52] . Moreover, non-Markovianity [53] [54] [55] , quantum Fisher information [56, 57] , quantum speedup [54] , coherence dynamics [58] and quantumness [55] of such a model have been studied.
Here, we aim to study the spontaneous emission spectrum of the qubit as well as the entanglement dynamic between the qubit and its radiative decay under the classical control. We also go further and study the possibility of entanglement swapping between such systems. To end this, we consider two similar systems each composed of a single qubit interacting with its own surrounding environment under the classical control. After having obtained the wave function of each system, we perform a Bell state measurement on the fields leaving the cavities which leaves qubits in an entangled state. We use the concurrence [59] to quantify the amount of swapped entanglement. We then take a statistical average over the initial states of the qubits to establish an input-independent dynamics of entanglement, the concept of entangling power [60] .
The paper is organized as follows. In Sec. 2 we introduce the model and give the explicit expression of the evolved reduced density matrix. The results regarding spontaneous emission spectrum are presented in Sec. 3. In Sec. 4, using von-Neumann entropy, we discuss the time evolution of entanglement between the driven qubit and its radiative decay. In Sec. 5, entanglement swapping between such systems is discussed. Finally, in Sec. 6 we summarize our conclusions.
Model and its Solution
Consider a qubit (two-level system) with transition frequency ω 0 which is driven by an external classical field and embedded in a zero-temperature reservoir formed by the quantized modes of a high-Q cavity as depicted in Fig. 1 . Under the dipole and rotating-wave approximations, the associated Hamiltonian of the system can be written as ( = 1):
whereσ z = |e e|−|g g| is the Pauli matrix, ω L and ω k represent the frequencies of the classical driving field and the cavity quantized modes, respectively. σ + = |e g| (σ − = |g e|) denotes the qubit raising (lowering) operator, whilê a k (â † k ) are the annihilation (creation) operators of the cavity kth mode. In addition, Ω and g k represent the coupling strength of the interactions of the qubit with the classical driving field and the cavity modes, respectively. We assume that Ω is a real number and to be small compared to the atomic and laser frequencies (Ω << ω 0 , ω L ). Making use of the unitary transformation U = e −iω Lσz t/2 , the Hamiltonian of the system in the rotating reference frame can be written as:
in which ∆ = ω 0 − ω L is the detuning between the qubit and the classical driving field. By introducing the dressed states Fig. 1 Schematic illustration of a setup in which a qubit is driving by a classical field inside a leaky cavity.
which are the eigenstates ofĤ I , the effective Hamiltonian can be re-written aŝ
Whereχ z = |E E| − |G G| denotes the new Pauli matrix and ω D = √ ∆ 2 + 4Ω 2 being the dressed qubit frequency. Moreover, η = Arctan[2Ω/∆] andχ + = |E G| ((χ − = |G E| ) represents the new lowering (raising) operator. It is noteworthy that we have neglected the terms of non-conservation of energy by using the usual rotating-wave approximation [52, 58] .
We assume the overall system to be initially in a product state with the qubit in a coherent superposition of its states (cos(θ/2) |E + sin(θ/2)e iφ |G ) and the reservoir modes in the vacuum state |0 R , i.e.,
Hence, the state vector of the system at any time t can be written as
where |1 k is the cavity state with a single photon in mode k, i.e., |1 k =â † k |0 and G k (t) is its probability amplitude.
The evolution of the state vector obeys the Schrödinger equation. Substituting Eq. (6) into the Schrödinger equation i|ψ =Ĥ |ψ , we obtain the following integro-differential equation for E(t):
where the kernel F (t, t ), is the correlation function defined in terms of continuous limits of the environment frequency as
Here, J(ω k ) is the spectral density of reservoir modes. We choose a Lorentzian spectral density, which is typical of a structured cavity, whose form is
where δ = ω 0 − ω c denotes the detuning between the center frequency of the cavity modes ω c and ω 0 . The parameter γ is related to the microscopic systemreservoir coupling constant, and λ defines the spectral width of the coupling. It is noteworthy that the parameters γand λ are related to the reservoir correlation time τ r and the qubit relaxation time τ q as τ r = λ −1 and τ q ≈ γ
respectively [61] . Qubit-cavity weak coupling occurs for λ > γ (τ r < τ q ); the opposite condition λ < γ (τ r > τ q ) thus identifies strong coupling. The larger the cavity quality factor, the smaller the spectral width λ.
With such a spectral density, the kernel of Eq. (8) becomes
. Substituting the resulting kernel into Eq. (7) yields
in which F = 4M 2 − 2γλ(1 + cos η) 2 . The probability amplitude G k (t) can be acquired as
in which
and δ k = ω k − ω 0 . The time-dependent reduced density matrix of the qubit under the initial condition (5) can be obtained in the basis |E , |G aŝ
3 Spectrum
By calculating G k (t), one can obtain the spontaneous emission spectrum of the driven qubit as [62] :
Now, we present our numerical results based on expression (15) and show how the classical driving field can manipulate the spectrum. Fig. 2 illustrates the spontaneous emission spectrum S(δ k ) versus δ k , with ∆ = 0, for different Rabi frequencies of the classical field, i.e., Ω. Fig. 2 (a) shows that the spectrum gets an Autler−Townes doublet profile in the absence of the driving field. However, applying the classical field disturbs such a profile. As can be seen, increasing Ω weakens the left peak while not only strengthens the right peak but also shifts it farther away from δ k = 0. Fig . 3 displays the spontaneous emission spectrum S(δ k ) versus δ k for different detunings between the qubit and the classical field. It is obvious; increasing ∆ causes pattern of the Autler−Townes doublet fits to the spectrum profile. This result conveys the fact that increasing ∆ weakens the interaction between the qubit and driving field. Hence, the profile for higher ∆ has the most resemblance to the case in which the driving field is absent. 
Atom-Photon Entanglement
In this section, we discuss how the classical driving field can affect dynamics evolution of entanglement between the qubit and its radiative decay. It is worth recalling that the effect of coupling field on the dynamics of atomphoton entanglement in multi-level systems is studied [63] [64] [65] [66] [67] . For the bipartite systems such as atom-field systems, one can employ the von Neumann entropy of reduced density matrixes as a tool to quantify the entanglement between the subsystems. Generally, the von Neumann entropy S of a system in quantum state ρ is acquired by:
It is crystal clear, this expression will be zero for any pure state and non-zero, S = 0, for mixed state. Araki and Lieb have demonstrated that for a bipartite quantum system composed of two subsystems A and F (say the atom and field) at any time t, the system and subsystems entropies satisfy the following triangle inequality condition [68] :
where S AF (t) = −Tr ρ AF ln ρ AF denotes total entropy of the composite system and S A(F ) (t) = −Tr A(F ) ρ A(F ) ln ρ A(F ) are partial entropies corresponding to the reduced density matrix ρ A(F ) = Tr F (A) ρ AF .
According to Eq. (17), if the field and the atom are initially prepared in pure states, the total entropy of the system becomes zero and remains constant. So partial entropies of both subsystems will evolve identically (S A (t) = S F (t)) after the interaction of two subsystems is switched on. Hence, entropy of the subsystems are recognized as an indication of the entanglement between subsystems. Namely, the higher the reduced quantum entropy, the greater the entanglement and vice versa [69, 70] .
In Fig. 4 , we plot the entropy of the qubit versus the scaled time γt, with ∆ = 0, for different values of Ω. This figure discloses that, in the absence of the classical field, the qubit and its radiative decay become entangled instantly after the atom and cavity modes interact. However, entanglement damps with oscillatory behavior and eventually vanishes. On the other hand, applying the classical field and enhancing its intensity (Ω) not only causes the entanglement less fluctuate but it also remarkably prolongs the entanglement time.
The dynamic behavior of the entropy of the qubit for different values of ∆ is exhibited in Fig. 5 . From this figure, one can figure out how increasing ∆ leads to rapidly disappearing entanglement between qubit and its radiative decay. As mentioned above, the larger detuning ∆ makes the interaction between the qubit and the driving field weaker, thus the dynamics of entropy is mainly determined by the interaction between the qubit and reservoir. 
Entanglement Swapping
According to the previous section, it is possible to create and control entanglement between the qubit and its radiative decay. Since creating and controlling entanglement between two qubits plays a crucial role in quantum information processing applications, a lot of methods have been proposed to realize it. Exchanging the entanglement stored between qubit-field in each cavity into qubit-qubit entanglement is regarded as a feasible solution. Hence, we address this issue by considering two identical qubit-field cavities (each one modelled in the section 2). Note that, there is no direct interaction between the two qubit-field systems, therefore, their states are expected to remain separable:
in which |Ψ (t) = |ψ(t) 1 ⊗ |ψ(t) 2 where |ψ(t) i is the state vector of the ith qubit-field cavity reported in Eq. (6). Then we perform a Bell state measurement on the field modes leaving the cavities (see Fig. 6 ). Mathematically speaking, this is done by projection |Ψ (t) onto one of the Bell states of the cavity fields. A glance at Eq. (6) reveals that it is quite logical to consider the following Bell-like states of two-photon pairs [71] Fig. 6 Pictorial representation of the entanglement swapping. Each qubit has been placed in its own cavity in the presence of dissipation. The BSM is performed on the photons leaving the environments which leads to the establishment of entanglement between the qubits.
in which |0 Ri is the vacuum state of the ith reservoir and
where k |Θ k | 2 = 1 with Θ k is related to the pulse shape associated with the incoming photons.
It is possible to construct a desirable projection operator using the introduced Bell-type states, i.e., P F = |M FF M | in which M ∈ {Ψ ± , Φ ± }. In this regard, by operating the projection operator onto |Ψ (t) , one can establish an entangled qubit-qubit state and leaves the filed states in a Bell-type state.
In this paper, we choose the Bell state |Ψ − F to construct the following projection operator P
which its action on |Ψ (t) in (18) leaves the field states in the Bell state |Ψ − F and establishes the following qubit-qubit state (after normalization):
in which the normalization coefficient reads as
where, we have defined
In order to quantify the amount of entanglement between the two qubits, we use the concurrence which has been defined as [59] E (ρ(t)) = max{0, 
The resulting concurrence is promising. As the Eq. (26) discloses, concurrence not only does not depend on the shape of the incoming photons(i.e., Θ k ) but it also will be time-independent provided |Υ (θ 1 , θ 2 , φ 1 , φ 2 )| 2 = 0, which means it remains always at its maximum value, i.e., 1. According to Eq. (24b), it amounts to solve the following relation
The above relation is fulfilled with the following set of solutions
This leads to the maximally entangled Bell state (up to an irrelevant global phase)
As is seen, the concurrence (26) depends on the initial state of the two qubits. Therefore, one could obtain the relevant concurrence for specific initial states. However, thanks to the parametrization (5), it is possible to establish an input-independent (initial state-independent) dynamics of entanglement. This amounts to take a statistical average over the initial states: the concept of entangling power [72] 
where dµ(|ψ(0) ) is the probability measure over the submanifold of product states in C 2 ⊗ C 2 . The latter is induced by the Haar measure of SU(2) ⊗ SU(2). Specifically, referring to the parametrization of (5), it reads
According to the above definition, the entangling power E is normalized to 1. It is trivial that in this case it lies in [0, 1]. Fig. 7 illustrates the entangling power as a function of scaled time γt for different Rabi frequencies of the classical field, i.e., Ω with ∆ = 0. It is evident that the Rabi frequency of the classical driving field has a beneficial effect on the survival of the entanglement. As can be seen, in the absence of the classical field the entangling power has a oscillation behaviour. In this case, the entanglement sudden death is clearly observed. However, switching the classical field on makes the entanglement survive at longer times. Actually, for enough large Rabi frequencies, it is possible to achieve a nearly stationary amount of the swapped entanglement between the two qubits, at least, at small times. These results are quite in consistent with the plots presented in Fig. 4 . Eventually, we turn our attention to the non-resonant qubit-classical field interactions. In Fig. 8 , we display the effect of the detuning parameter ∆ on the entangling power. On the contrary to the Rabi frequency, the detuning has a detrimental effect on the survival of the entangling power. For large values of ∆, the oscillation of entanglement is clearly seen. Nonetheless, in this case, the entanglement sudden death does not happen. Again, the results are completely in consistent with those presented in Fig. 5 . 
Conclusion
In this paper, we have intended to study the effect of classical driving field on the spontaneous emission spectrum of the qubit as well as the entanglement dynamic between the qubit and its radiative decay in a dissipative cavity. We have found that an intense and resonant classical driving field not only remarkably modifies the spontaneous spectrum profile of the qubit but it also appreciably lengthens the time of entanglement between the qubit and its radiative decay. However, for the non-resonant interaction, increasing the detuning has detrimental effect.
We went further and investigated the possibility of the entanglement swapping between such two subsystems. To end this, we considered two similar cavities each consisting of a qubit interacting with a dissipative cavity under the action of a classical field. Then, we performed a Bell state measurement on the fields leaving cavities which establishes an entangled qubit-qubit state. We determined the situation in which a stationary long-lived maximally entangled qubit-qubit state can be generated. This occurs with the initial conditions θ 1 = θ 2 and φ 1 − φ 2 = 2mπ (m = 0, ±1) which establishes the unique stationary state |Ψ − = 1 √ 2
(|E |G − |G |E ). In order to study the dynamics of the swapped entanglement, we used the concurrence measure which depends on the initial state of the two subsystems. Nonetheless, we established an inputindependent dynamics by introducing the concept of the entangling power which takes a statistical average of the concurrence over the initial states. Our results suggest that the intensities of the classical driving fields have significant role on the survival of the swapped entanglement. It has been demonstrated that applying the classical fields and increasing their intensities will yield a long-lived swapped entanglement. However, increasing the detuning threatens survival of the entanglement.
At last, we should emphasize that our results could be employed in distribution of entangled states over long distances which has key role in quantum communications. This relies on the quantum repeater protocol which in turn has two bases: generating and swapping of the entanglement [73] . Therefore, our results can be utilized to promote the efficiency of the quantum repeater protocol when the environmental effects cannot be neglected. This is left for future works.
